We show that every triangulation on a closed surface, except the sphere, with minimum degree at least 4 can be obtained from an irreducible triangulation by two kinds of local deformations, called 4-splitting and addition of an octahedron and that every triangulation on the sphere can be obtained from the octahedron by them.
Introduction
A triangulation on a closed surface is a simple graph embedded on the surface so that each face is triangular and any two faces share at most one edge. Two triangulations G 1 and G 2 on a closed surface F 2 are said to be equivalent or homeomorphic if there is a homeomorphism h : F 2 → F 2 with h(G 1 ) = G 2 . Such a homeomorphism induces a graph isomorphism between G 1 and G 2 which induces a bijection between their face sets.
Let G be a triangulation on a closed surface F 2 . Contraction of an edge e of G is to shrink e until its two ends coincide and to remove the two digonal faces, replacing the multiple edges bounding each of those faces with a single edge, as shown in Fig. 1 . An edge e ∈ E(G) is said to be contractible if the graph G=e obtained from G by contracting e is a triangulation on F 2 . Thus, when G is not isomorphic to K 4 , then an edge e is not contractible if and only if e lies on a cycle of length 3 which does not bound any face incident to e. We do not perform the contraction of any non-contractible edge. A triangulation is said to be irreducible if it has no contractible edge. There have been many studies on irreducible triangulations of closed surfaces; [1, 2, 4, 5, [7] [8] [9] [10] . For example, the only irreducible triangulation of the sphere is equivalent to the unique embedding of K 4 on the sphere, that is, to the tetrahedron [10] . It has been already shown that there are exactly 2, 21 and 25 irreducible triangulations of the projective plane [1] , the torus [7] and the Klein bottle [8] , up to equivalence. There are many only ÿnitely irreducible triangulations of any closed surface in general. Note that every irreducible triangulation, except K 4 , has minimum degree at least 4.
The inverse operation of edge contraction in Fig. 1 is called a splitting of a vertex a = c, or a vertex splitting. If both a and c have degree at least k after splitting a = c, then such a splitting is called a k-splitting. Also, an edge e is said to be k-contractible if it is contractible and if G=e still has minimum degree at least k. It is clear from the deÿnition that every triangulation on a closed surface can be obtained from an irreducible triangulation by a sequence of 3-splitting. We focus on those triangulations that have minimum degree at least 4 and discuss their generating theorem.
To generate such triangulations, we need another local deformation. Let G be a triangulation on a closed surface F 2 and a 1 a 2 a 3 a face of G. Put a triangle v 1 v 2 v 3 inside the face a 1 a 2 a 3 and add edges a i v j and a i v k for all {i; j; k} = {1; 2; 3}. This deformation is called addition of an octahedron. For, {a 1 ; a 2 ; a 3 ; v 1 ; v 2 ; v 3 } induces a subgraph in G isomorphic to the octahedron K 2; 2; 2 . Theorem 1. Every triangulation on a closed surface F 2 ; except the sphere; with minimum degree at least 4 can be obtained from an irreducible triangulation of F 2 by a sequence of 4-splitting and addition of octahedra.
The above theorem does not hold for the sphere as it is since the unique irreducible triangulation K 4 of the sphere has minimum degree 3. Instead of irreducible triangulations in the theorem, the octahedron will be a 'seed' for triangulations on the sphere, as in the following theorem. Theorem 2. Every triangulation on the sphere, with minimum degree at least 4 can be obtained from the octahedron by a sequence of 4-splitting and addition of octahedra.
For example, consider a triangulation obtained from a given triangulation G by adding an octahedron to each face of G. All edges coming from G are not contractible while each of the others is 3-contractible but is not 4-contractible. Thus, not only 4-splitting but also addition of an octahedron are needed actually to generate all of triangulations with minimum degree at least 4 from irreducible triangulations or the octahedron.
In fact, Batagelj [3] has already proved Theorem 4. His proof, however, depends strongly on the planarity of triangulations and will not extend to work for other surfaces. On the other hand, we shall prove these two theorems together with a common logic, independent of the planarity of triangulations, in Section 2. The point of our proof is to focus on the structure of the subgraph in a given triangulation induced by its vertices of degree 4, which enables us to avoid tedious arguments in the proof.
Proof of theorems
A triangulation on the sphere isomorphic to C n + K 2 with n ¿ 3 is called a double wheel with rim C n . That is, the cycle C n is the equator of the sphere and there are two vertices at the north and south poles adjacent to all vertices along the equator. The octahedron can be regarded as a double wheel with rim of length 4. A double wheel C n + K 2 has minimum degree 4 if and only if n ¿ 4.
The following lemma is the key of our proof of Theorems 1 and 2 and can be found in [6] . It is not di cult to prove this lemma, but it is central to our discussion of those triangulations on closed surfaces that have minimum degree at least 4: Lemma 3. Let G be a triangulation on a closed surface F 2 with minimum degree at least 4 and H be any component of the subgraph induced by the vertices of degree 4 in G. Then; exactly one of the following four conditions holds: It is easy to see that each edge on the rim of a double wheel C n + K 2 is 4-contractible if n ¿ 5 and its contraction shortens the rim. This implies immediately that any double wheel with rim of length at least 4 can be obtained from the octahedron by a sequence of 4-splitting.
Proof of Theorems 1 and 2. Let G be a triangulation on a closed surface F 2 with minimum degree at least 4 and suppose G is neither irreducible nor a double wheel. It su ces to show that either there is a 4-contractible edge in G or a triangle component of vertices of degree 4 whose removal keeps the minimum degree at least 4. Note that if the edge ac in Fig. 1 is contractible and if both b and d have degree at least 5, then ac is 4-contractible.
First suppose that the set of vertices of degree 4 is empty or independent. Since G is not irreducible, it includes a contractible edge ac. Let abc and acd be the two faces sharing ac. If both b and d have degree at least 5, then ac is 4-contractible. Otherwise, we may suppose that b has degree 4, up to symmetry. Let axyc be the link of b, that is, the cycle of its four neighbors surrounding b. Since ac is contractible, there are neither edges ay nor cx; otherwise, we would ÿnd a cycle acy or acx including ac. Thus, both ab and cb are contractible. By our assumption of this paragraph, b is not adjacent to any vertex of degree 4, and hence ab and cb are 4-contractible. In either case, we have found a 4-contractible edge. If all of a 1 , a 2 and a 3 have degree at least 6, then the triangulation G − {v 1 ; v 2 ; v 3 } obtained from G by removing v 1 v 2 v 3 has minimum degree at least 4. Otherwise, that is, if one of the three vertices, say a 1 , has degree 5, then there are two faces a 1 a 2 x and a 1 a 3 x with the ÿfth neighbor x of a 1 and the edge a 1 x is contractible. Since both a 2 and a 3 have at least 5, a 1 x is 4-contractible. This completes the proof.
